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H : Abstract 

In this paper, we solve the initial value problems of variable-coefficient generalized wave 
equations associated with trees and a large family of linear constant-coefficient partial differ- 
ential equation by algebraic methods. Moreover, we find all the polynomial solutions for a 
0^ ■ 3-dimensional variable-coefficient flag partial differential equation of any order, the linear wave 

■^J- ■ equation with dissipation and the generalized anisymmetrical Laplace equation. Furthermore, 

the polynomial-trigonometric solutions of a generalized Klein-Gordan equation associated with 
3-dimensional generalized Tricomi operator d^. + xdy + ydl are also given. As applications to 



o 



representations of Lie algebras, we find certain irreducible polynomial representations of the Lie 
algebras sl(n,¥), so(n,¥) and the simple Lie algebra of type G2. 



1 Introduction 

Barros-Neto and Gel'fand [BG1,BG2] (1998, 2002) studied solutions of the equation 

u xx + xuyy = 5{x - x Q ,y - y Q ) (1.1) 

related to the Tricomi operator d% + xdy. A natural generalization of the Tricomi operator 
is d% + X\dx 2 + • • • + x n -\d1 n . The equation 

1H ^xixi ~f~ ^X2X2 ~\~ ' ' ' ~\~ U XnXn (h2) 
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is the well known classical heat conduction equation related to the Laplacian operator 
d%. + d X2 + • • • + d Xn . As pointed out in [BG1, BG2], the Tricomi operator is an analogue 
of the Laplacian operator. In [X2], we have solved the following natural analogue of heat 
conduction equation: 

1H U XlX1 -\- X\U X2X2 ~\~ ' ' ' ~\~ X n —iU XnXn . (1-3) 

Indeed we have solved analogous heat conduction equations related to more general gen- 
eralized Tricomi operators associated with tree graphs. 

A tree T consists of a finite set of nodes M = {ii, l 2 , i n } and a set of edges 

£ C {(Li,Lj) | 1 <i < j < n} (1.4) 

such that for each node tj G A/", there exists a unique sequence {t-n, H 2 , ii r } of nodes 
with 1 = ii < i 2 < ■ ■ ■ < i r -i < i r = i for which 

{Hit ^2)5 ^3)' "•' ''V-l)' i.^ir-11 ^ V ) ^ ^ • (^'^) 

We also denote the tree T = (J\f,£). For a tree T = (Af,£), we call the differential 
operator 

dr = d 2 Xl + ( L6 ) 

(ii,Lj)e£ 

a generalized Tricomi operator of type T. In [X2], we have solved the following analogue 
of heat conduction equation: 

u t = d T {u) (1.7) 

subject to the initial condition: 

u(0,x 1 ,...,x n ) = f(x 1 ,...,x n ) for Xi G [-OijOj], (1.8) 

where / is a given continuous function and a« are given positive real constants. 
The equation 

u tt - u xixi - u X2X2 u XnXn = (1.9) 

is the well-known wave equation associated with the Laplace operator d xl +d X2 + - ■ • + d Xn . 
One of our goals in this paper is to solve the generalized wave equation 

u tt -d r (u) = (1.10) 

subject to the initial conditions: 

u(0,X!, ...,£„) = go(x!, ...,x n ), u t (0,X!, ...,x n ) = gi(xi, ...,x n ) (1.11) 

for ], where g±, g 2 are given continuous functions and <2j are given positive real 

constants. This is done by using our results in [X2] and an algebraic method of solving 
the following differential equation of flag type: 

(di + fid 2 + f 2 d 3 + --- + fn-Miu) = 0, (1.12) 



where di,d,2, ■■■,d n are certain commuting locally nilpotent differential operators on the 
polynomial algebra M.[x±,X2, ■■■,x n ] and /i, / n _i are polynomials satisfying 

diifj) = if i > j. (1.13) 

Another slightly adjusted method enables us to solve a large family of linear constant- 
coefficient partial differential equations subject to initial conditions easily. This family 
contains almost all well-known linear constant-coefficient partial differential equations 
such as the Helmholtz equation and the Klein-Gordon equation. A general equation in 
this family can not be solved by separation of variables. 

Polynomial solutions of linear partial differential equations are important for many 
reasons. For instance, polynomial solutions of Laplace equations are called harmonic 
polynomials, which are fundamental objects in differential geometry and analysis. In this 
paper, we have used our algebraic methods to find a basis of the space of all polynomial 
solutions for the following differential equations: (1) 

d^(u) + x ni dp{u) + y n2 d™ 3 {u) = 0, (1.14) 

where mi,m2,m 3 are positive integers and n\,n<i are nonnegative integers; (2) the linear 
wave equation with dissipation: 

u tt + u t - u XlXl - u X2X2 u XnXn = 0; (1-15) 

(3) 

utt + ~u t - e(u xixi + u X2X2 H h u XnXn ) = 0, (1.16) 

where e G {1,-1} and A is a nonzero real constant. When mi = m 2 = m 3 = 2 and 
n\ — n-i — 0, (1-14) is exactly the 3-dimensional Laplace equation. If e = —1, (1.16) is 
the generalized anisymmetrical Laplace equation (cf. [A]). Moreover, the special Euler- 
Poisson-Darboux equation: 

m(m ~\~ 1 ) 

Utt ~ u xixi - u X2X2 u XnXn u = (1.17) 

can be changed into a equation of type (1.16) with e = 1. Furthermore, we have found 
the polynomial-trigonometric solutions of the generalized Klein-Gordan equation 

utt - u xx - xuyy - yu zz + a 2 u = (1-18) 

associated with 3-dimensional generalized Tricomi operator d 2 x + x<9^ + yd 2 . 

Flag partial differential equations also naturally appear in the representation theory of 
Lie algebras. Let Q be a finite-dimensional simple Lie algebra with the Cartan root-space 
decomposition: 

G = n@@g a . (i.i9) 



Suppose that M is a finite-dimensional (/-module. Take a weight-vector basis {v±, ...,v n } 
of M. Write 

n 

Z(v i ) = Y,p iJ (S)v j for £eg. (1.20) 

3=1 

We define an action of g on R[xi, x n ] by 

n 

£(<?) ^/^.,(a.r/7,,i//! for £g£, S e%,..,4 (1.21) 

Then ...,x n ] forms a ^-module isomorphic to the symmetric tensor S'(M) over M. 
Take a base II of the root system <3> and ^ ( a G ^ a for a G II. According to Weyl's 
theorem of completely reducibility, R[ be decomposed as a direct sum of 

irreducible ^-submodules. Such a decomposition is completely determined by the polyno- 
mial solutions (singular vectors or highest-weight vectors) of the following system of flag 
partial differential equations: 

n 

£pij(^A i («) = 0, aeU. (1.22) 

i,j=l 

As simple applications of our algebraic methods of solving differential equations, 
we find a basis for certain irreducible polynomial representations of the Lie algebras 
sl(n,¥), so(n,¥) and the simple Lie algebra of type G 2 - 

In Section 2, we will present our algebraic methods and find all polynomial solutions 
of the above concerned partial differential equations. Section 3 is devoted to solve two 
initial value problems we mentioned in the above. In Section 4, certain polynomial rep- 
resentations of Lie algebras will be given. 

2 Polynomial Solutions 

Take any subfield F of the field C of complex numbers. We assume all the vector spaces 
are over F unless it is specified. For a positive integer n, we denote by 

A = F[x u ...,x n ], (2.1) 

the algebra of polynomials in n variables. The following algebraic result is one of our key 
lemmas of solving concerned differential equations. 

Lemma 2.1. Suppose that A is free module over a subalgebra B generated by a filtrated 
subspace V = (J^ K (i.e., V r C V r+ i). Let T\ be a linear operator on A with a right 
inverse T{ such that 

Ti(B), T-(B) C B, TifaTfc) = TMm, Tffajfc) = Tf (^ (2.2) 

for T)\ e B, r)2 € V , and let T 2 be a linear operator on A such that 

T 2 (V r+1 ) C BV r , T 2 (/C) = fT 2 (C) for < r G Z, / G B, ( G A. (2.3) 



Then we have 

{geA\(T 1 + T 2 )(g) = 0} 

oo 

= Span{J2(-TrT 2 y(hg) | g G V, h G B; T^h) = 0}, (2.4) 

i=0 

where the summation is finite under our assumption. Moreover, the operator ^2^^— T^T 2 yT^ 
is a right inverse ofTi + T 2 . 

Proof. For h G B such that T^h) = and g G V, we have 

oo 

(T 1 + T 2 )(J2(-TrT2Y(hg)) 

i=0 

oo oo 

= T-y{hg) -Y,Ti[T{T 2 {-T^T 2 r\hg)\ + £ T 2 [{-T^ {hg)\ 

i=l i=0 

oo oo 

= Ti(h)g - ^(T 1 T 1 -)T 2 (-r i -r 2 ) i - 1 (%) + £ T 2 {-T{T 2 )\hg) 

i=l i=0 

oo oo 

= -E T 2(- T r T 2r 1 (^) + E T 2(- T r T 2) i (^) = ° ( 2 - 5 ) 

i=l i=0 

by (2.2). Denote by N the set of nonnegative integers. Set V-i = {0}. For k G N, we take 
| i G C T4 such that 

{ipi + Vfc-i \ i e h} forms a basis of V k /V k -i, (2.6) 

where is an index set. Let 

m 

A M = BVm = j2 Y^^i- ( 2 - 7 ) 

s =o iei a 

Obviously, 

Tx(^ (m) ), Tr(^ (m) ), T 2 (^ (m+1) ) C A {m) for m G N (2.8) 
by (2.2) and (2.3), and 

oo 

A = |J ^ m ). (2.9) 

m=0 

Suppose G A {m) such that (T x + T 2 )(0) =0. If m = 0, then 

= J]Mi, (2.10) 

Now 

= (T! + t 2 )(0) = J]r 1 (/i i )^ + 5]^r 2 (^) = ^T 1 (Wi, (2.ii) 

ie/o ie/o »e^o 

Since Ti(/ij) G £> by (2.2) and ^4 is a free £>-module generated by V, we have Ti(/ij) = 
for i G J . Denote by 5 the right hand side of the equation (2.4). Then 

oo 

= E E(- T r T 2) m (^) G 5 - ( 2 - 12 ) 

ie/o m=0 



Suppose m > 0. We write 

0=E^ + </>', hi e B, <P' e A {m ' l) . 



Then 



= (T x + T 2 )(0) = E ^(/i^ + T\(0') + T 2 (0). 
Since Ti(0') + T 2 (0) G M" 1 ^, we have Ti(^) = for i G J m . Now 

OO OO 

0-E E(- T r T ^(^) = ^ - E E(- T f t ^(mo e ^ ( 

iG-fm fe = iS-fm fc = l 

and (2.5) implies 

OO 

m + t 2 )(0 - E E(- T r^) fc (^)) = °- 

i6/ m fe=0 

By induction on m, 

OO 

ie/m fc=o 

Therefore, <f> G «S. 

For any / G .4., we have: 



(T 1+ T 2 )(E(-TrT 2 rTf)(/) 

i=0 

OO OO 

= / - J2 T *(- T i T *y~ lT i(f) + E T 2(- r r r ^ T r(/) = /■ 

i=l i=0 

Thus the operator J^°l (— Tj _ T 2 ) l Xi~ is a right inverse of Ti + T 2 . □ 

We remark that the above operator Ti and T 2 may not commute. 
For convenience, we take the following notation of indices: 

where % < j are integers. Define 

x a = x™ 1 xf---xl n for a = («!,..,«„) G N n . 
Moreover, we denote 

e i = (0,.,0,l,0 ) ..,0)eN n . 
For each j G l,n, we define the linear operator J, , on „4 by: 

/ ( X Q ) = for a G N n . 



Furthermore, we let 



m 



(0) Mm) '"7 7"^ 

= 1, / = I ... I for 0<meZ (2.23) 

l( Xi ) J(X 1 ) J(Xi) J(Xi) 

and denote 

/(a) /.(ai) /-(a 2 ) 

= / / ... / for «eN" (2.24) 

Obviously, is a right inverse of d a for a G N n . We remark that j (a) d a ^ 1 if a ^ 
due to <9 Q (1) = 0. 

Consider the wave equation in Riemannian space with a nontrivial conformal group 
(cf. [II]): 

n 

u tt ~ u xixi - ^ 9i,j( x i - t)u XiX . = 0, (2.25) 

i,j=2 

where we assume that gij(z) are one- variable polynomials. Change variables: 

Zq = Xi + 1, Z\ — X\— t. (2.26) 

Then 

d 2 t = (d Z0 - d Zl )\ dl = (d Z0 +d Zl ) 2 . (2.27) 
So the equation (2.25) changes to: 

n 

2d Zo d Zl + gMuxw = 0- (2-28) 

i,j=2 

Denote 

n 

7\ = 2d Zo d Zl , T 2 =Y, !!,;,( .-A,,- (2.29) 

Take T- = U (zo) J {zi) , and 

B = ¥[zo, Zl ], V = ¥[x 2 ,...,x n ], V r = {feV\degf<r}. (2.30) 
Then the conditions in Lemma 2.1 hold. Thus we have: 

Theorem 2.2. The space of all polynomial solutions for the equation (2.24) 

oo n „ „ 

Span{J2(-2r m (J2 / / 9iA^)d Xi d Xj r(fo9o + fi9i) 
| f G W[zq], f\ G ¥[ Zl ], go, gi G ¥[x 2 ,...,x n ]} (2.31) 
with z ,Zi defined in (2.26). 



Let mi, m 2 , ...,m„ be positive integers. According to Lemma 2.1, the set 



k2 ,.., kn =o V fc2,-,A; n y7 (xi) 

x^"»(4 2 ) • ■■d k x : m "(x i n ") | ^ G O.mx-l, e 2 , ...J n G N} (2.32) 
forms a basis of the space of polynomial solutions for the equation 

(d£+dg + --- + d£)(u) = (2.33) 

in A. In particular, 

OO (_iy2+---+rk( r 2 + -+ r n\T~\ n 

r V ^ V r 2 ,...,r n I 1 jj=2 \2rJ_ e+2(r 2 +-+r„) 

\ 2) .^o (1 + 2e(r 2 + • • • + r n )) (XtX?) * 

xxi 2 - 2r2 ---x £ n "- 2r " I e G {0,1}; t 2 ,...,t n e N} (2.34) 

forms a basis of the space of harmonic polynomials in n variables, that is, the space of 
polynomial solutions for the Laplace equation: 

U XlXl + U X2X2 + ■ ' ■ + U X n X n = 0. (2.35) 

The above results can theoretically generalized as follows. Let 



((feH \-k„)mi) 



fi G ¥[xi, Xi\ foriGl,n-l. (2.36) 

Consider the equation: 

+ fidT 2 2 + ■■■ + /n-iC)(«) = (2-37) 

Denote 



dx = d™ 1 , d r = d^ 1 + /i^ 2 + • • • + fr-id™ r r for r G 2, n. (2.38) 

We will apply Lemma 2.1 with T\ — d r , T 2 = Y17=r fid™+i an d B — ¥[xi, ...,x r ], V = 
W\x r +i, x n \, 

n 

V k = Span^ 1 • • | 4 G N, E Weg/r+i + 1) • • • (deg/^ + l) < k}. (2.39) 

j=r+2 

Take a right inverse d\ = f^™^- Suppose that we have found a right inverse d~ of d s for 
some s G 1, n — 1 such that 



Xjd,, =d s Xi, d Xi d s =d s d Xi for ies + l,n. (2.40) 
Lemma 2.1 enable us to take 

OO 

d 7+i = E(-«K~< S ! +1 ( 2 - 41 ) 

i=0 



as a right inverse of d s +\. Obviously, 



Xid s+1 = d s+1 x i7 d Xi d s+1 = d s+1 d Xi for i <E s + 2,n (2.42) 

according to (2.38). By induction, we have found a right inverse d~ of d s such that (2.40) 
holds for each s£ 1, n. 
We set 



S r = {g g F[xi, x r ] | d r (^) = 0} for r G 1, k. (2.43) 

By (2.38), 

mi — 1 

5! = J] Fx*. (2.44) 



i=0 



Suppose that we have found S r for some r G 1, n — 1. Given h <E S r and £ G N, we define 

oo 

<7 r+1 ,,(/l) = ^(-dT/r)*^)^ 1 ^!), (2-45) 
i=0 

which is actually a finite summation. Lemma 2.1 says 

oo 

S r +i = ^cr r+1/ (S r ). (2.46) 

By induction, we obtain: 
Theorem 2.3. JTie set 



Ka^-iA-i • -^K 1 ) Ki e 0,mi - 1, 4, -Jn € N} (2.47) 

forms a basis of the polynomial solution space S n of the partial differential equation (2.37). 

Example 2.1. Let mi,m2,ms,ni,n2 be positive integers. Consider the following 
equations 

d^(u) + x ni d™ 2 {u) + y n2 d™ 3 (w) = (2.48) 

Now 

d l = d™\ d 2 = d™ 1 +x ni d^. (2.49) 

Take d\ = j^ 1 ' > ■ Then 

(mi) 

x ni y(x h )d l y m2 (y £2 ). (2.50) 

(x) 



^ 2 (^) = E(- / 

„_n "MX 



i=0 

Moreover, 



00 r( m i) r( m i) 

d 2 = / * ni y / < 2 (2.5i) 

'(x) J(x) 



i=0 



by Lemma 2.1. Hence 



ii,...,ifc=0 

-(mi) /"("u) 



(a;) J (x) Jx J (x) 



/•(mi) r(rni) 

/ x ni ) lk / di im2 y n2 di 2m2 y n2 ---di km2 y n2 . (2.52) 



Thus 



-(till) x x 



^ /.(mi) 

£(- / x ni )'(^ 1 )9; m2 (/ 2 )^ 3 + £ J2 (-l) k+t+h+ - +lk 

i=0 A*) fc=i i,ii,...,i fc =0 

/•(mi) /-(nil) /-(mi) /"( m i) r( m i) f(.mi) f(. m i) 

[(/ i" 1 ) 11 / (/ x ni Y 2 / •••(/ x ni ) ifc / (/ 

7(x) V(x) J(x) J(x) J(x) J(x) J(x) 

x[d; im2 y n2 d; 2m v 2 • • -d^v 2 ^ 2 ]^ 2 )^ 3 ^ 3 ) 

oo T~P m2 ~ 1 (/' — 
V^C_]_y i.l.s=0 V^j ^ ^l+^mi+ni) Li-imi 



oo 



■1) 



fc+i+iH hifc 



+ £ „,5^o IK=oIE 1 =i(* + n 1 + t 1 + r ( mi + m)) 

(n: = o ggTVg + 1 2 - (Eg ^2 ~ r)) (nS^Vs ~ r)) 

uU (n;;= nr=i(* + * + (p - ik + + s£ + 

xx (Ej = ( ) v)(mi+ni)+*;mi+f 1 ^n2+«2-(E^o i '-) m 2 2 ^" S:m 3 (2 53) 



X 



In order to solve the linear wave equation with dissipation and the generalized Klein- 
Gordan equation, we need the following lemma. 

Lemma 2.4. Let d = ad t + <9 t 2 with O^aGF. Take a right inverse 

„ oo 

dT= / Vo-- 1 (-flt) r (2-54) 

A*) r=0 

0/ d. Then 

¥ t^ 1 i_l (— i) r n r_1 (^ + s ) 

= " (i-2)!a»+i + ^ (i - r - 1)W+* ** " (2 ' 55) 

Proof. For 

m 

/(t) = XV e F[*]f, (2.56) 
i=i 

we have 



m— 1 



d(/(f)) = amb^' 1 + £ *K + (i + l^i-n)*'" 1 - (2.57) 



i=i 



Thus d(f(t)) = if and only if f(t) = 0. So for any given g(t) G F[t], there exists a unique 
/(t) G F[t]t such that d(f(t)) = g(t). 
Set 



£,a,i{t) — .. ■ 



i-l 



(-i)TKl(i + ») 



i!a* (i-2)!a i+1 ^ (i - r - l)\r\d r+i 



where we treat 



t 



t 2 t 



Easily verify d(f <,,*(*)) = f a ,i-i(*) for i = 1, 2. 
Assume « > 2. We have 



(2.58) 



(2.59) 



<*(«*)) 
= (a^ + 9 t 2 



i-l 



i!a* (i-2)!a i+1 ' ^ (i-r-l)!r!a r 



{i-iy.a 1 ' 1 (i-2)\a 



i)*^ + g (-i) r (» -r-)n;:?(» +5) ^ 



r=2 



(i - r - l)!r!a r+i_1 



+ (i-2)!^ (i-3)\a i+1+ ^ (i - r - 2)\r\a r+i 



1 -mi-r)n:zl(i+s) ti -r-2 



t 



i-l 



2 + (»-2)(» + l) f< -3 (< " l)^ 3 



(i-l)!^" 1 (i-3)!a* (i-3)!2!a i + 1 (i-3)!a i + 1 

+ ^ ( _i)r ^-0IE=fr + «) (^-r + i)ni: 2 (^ + ^) 



r=3 

+1-1 



r! (r-1)! 

(i-2)(i + l)-2(i-l) +i _ 3 



xi— r— 1 



(i - r - l)!^-^- 1 



(i-l)!^- 1 (i-3)!a j 



(i-3)!2!a l + 1 



-t' 



i-l 



+ ^ ( 1)r Kj - r)(» + r - 1) - r(» - r + 1)] ngfo + ^ i- r -i 



r=3 
f- 1 



«-2 



+ ^ ~ 3 ) f -3 



(i-l)!^" 1 (i-3)!a j (i-3)!2!a i+1 



i-l 



.^-i-0m:^ + s) f -,-i 



(i-r - l)\r\a r+i - 1 



f" 1 



(i-l)!^- 1 (i-3)!a j (i-4)!2!a* +1 



xi-2 



i-2 



r=3 



(i-r - 2)\r\a r+i - 1 



ii-2 



(i-l)!o*-i (i-3)!a< , 2 



' J i — r — 



rE=i(i-i+«) f -,-i 



(i-r - 2)!r!a r+i " 1 



(2.60) 



Since (<T)°(1) = 1, (d'Y(l) G F[t]t by (2.54) and d[(d-)*(l)] = (<T)* _1 (1) for i e N + 1, 
we have (d~) r (l) = £ a , r (t) for r G N by the uniqueness, that is, (2.55) holds. □ 



By Lemma 2.1 and the above lemma, we obtain: 



Theorem 2.5. The set 



X ^l,r-i+-+r„(i)2;i 1 2ri • • • 



x: 



i=l 



«i,.,4eN} 



(2.61) 



forms a basis of the space of polynomial solution for the linear wave equation with dissi- 
pation: 

u tt + u t — u x 1 x 1 — u X2X2 — ■ ■ ■ — u XnXn = (2.62) 



Consider the following generalization of Klein-Gordan equation: 

u tt ~ u xx ~ xu yy ~ U u zz + O^U = 0, 

where a is a nonzero real number. Changing variable u = e a ^^- t v, we get 

v tt + 1a\f-ivt - v xx - xvyy - yv zz = 0. 

We write 

e2o^,i = Ci,o(o+ai(ov=T, 

where Ci,o(t) and Ci,i(0 are re& l functions. According to (2.58), 

(-irrC^+s) 



C«,o(*) = (-i) j 



*2i 



(2i)!(2a) 2i ^ (2r)!(2(i - r) - l)!(2a) 2 (*+ r ) 



t 2(i-r) 



Car.iW = (-!)*[ 



2r-l 



i-1 



(2r-2)!(2a) 2 ' i + 1 

i) r n*i(»+«) 



^ (2r+ l)![2(i-r - l)]!(2a) 2i 



2i+2r+l 



2i-2r- ll 



*2» 



CW*) - (- 1 ) l [ (2 ,_ 1)!(2a )2(m) 



i-1 



(-irn'Li(^+ s +i) 



-* 2 ( i - r >], 



^ (2r + l)!(2i - 2r - l)!(2a) 2 (*+ r+1 ) 



i+l 



C2r+i,i(0 (1) (2^+ l)!(2a) 2i +! ' ^ (2r)!(2^-2r)!(2a) 2 ^'+ 1 ' 
On the other hand, (5.22) in [X2] tells 

e t(8*+x8*+v&jl) = e & e & e ft 



(2.63) 

(2.64) 
(2.65) 

(2.66) 



(2.67) 



(2.68) 



(2.69) 



(2.70) 



with 

ft ryi 
6 = (d x + (d y + y 2 d 2 z ) 2 dy 2 ) 2 d yi 
Jo Jo 

= l\d x + Vl d 2 + y\d y dl + y!dt/3) 2 d yi 
Jo 

= tdl + t 2 d x d 2 y + ^ + 2d X d y dl) + ^ (3^ + C^) 

+ ^ + ^ + ^01, (2.71) 

£ 2 = ^ + t 2 d y d 2 z + t 3 ^/3), 6 = tyd 2 . (2.72) 
For a = (an, «ii) £ N 11 , we define 

7 11 



i = ictj + a 8 + 2a 9 + 3aio + an, a! = Y\ a *- (2.73) 



i=i i=i 

and 



^ _ J__I_!_J_2 — ° 4 3 _ a4 ~ Q5_ 2q 6— a 7 — a 10 'J— &7 yOlll 

Oi\ 

x ( g2ai+«2 Q2(ct2+ar>+ae,)+ae,+ag ( g2(2a 5 +3a6+4a7+a9+2aio+aii) 
x y z 



x (9; + 2 ( 9^ 2 r(3^ ( 9 2 2 + d^ 4 )" 4 . (2.74) 
Then 

oo 

C(]T C|«|i(*K(s mi y ma * m9 )) (2.75) 

mi,rn 2 ,m 3 =0 aeN 11 

is the solution space in C[t,x, y,z] of the equation (2.64) by Lemmas 2.1 and 2.4. 
Theorem 2.6. The followings are real solutions of the equation (2.63): 

u = cosat (n u od a (x mi y m2 z m *)-smat ^ C Hul d a (x m 'y m 'z m3 ), (2.76) 

aGN 11 aeN 11 

M = sinat (nuod a (x m iy m2 z m *)+ cos at £ CnMx^y^z^), (2.77) 

aeN 11 aeN 11 

where mi, m 2 , m 3 e N. 

The following lemma will be used to handle some special cases when the operator 7\ 
in Lemma 2.1 does not have a right inverse and to solve certain initial value problems in 
next section. 

Lemma 2.7. Suppose that A is a free module over a subalgebra B generated by a 
filtrated subspace V = [j^L^Vr (i.e., V r C V r+ i). Let T be a linear operator on A with 
right inverse T ~ such that 



T (B), T ~ (B) C B, TofaiTfc) = T (77i)772 for Vl e B, V2 e V, (2.78) 



and let T±, ...,T m be commuting linear operators on A such that Ti(V) C V , 



ToTi = TjT , 7i(/C) = mC) for iel,m, f G B, (gA (2.79) 
IfT™(h) = with heB and g eV, then 



u 



(£( T o) S T s )\hg)= J2 



i=0 s=l ii,...,i m =0 

is a solution of the equation: 



H H h i r . 

I'll •••) 



(TD^^WCli^O/) ( 2 - 8 °) 



(T m -^T —T,)( M ) = 0. 



(2.81) 



r=l 



Suppose 



Ti(V r ) C K-i /or i e l,m, r G N, (2.82) 

where V_i = {0}. T/ien any polynomial solution of (2.81) is a linear combinations of the 
solutions of the form (2.80). 
Proof. Note that 



T m_i = T™(T - ) 1 for i G l,m 



(2.83) 



and 



E 



UH \-i m =i+l 



= E E 

r=l iiH 



i + 1 



iii •••) V. 



^•••ym = (S/l + • • • + 2/m) 



yrj/i • • • 2/ r , 



i+1 



(2.84) 



Thus 



P =i 

E 

H,...,i m eN; nH h«m>0 



E 

*1 ■ ■ Am — 

h-\ Vi m 

I'll ■■■1 tm 



ii H Vi r . 



(T -)^ si °(h)(l[T?)(g) 



r=l 



I'll •••■> 

T™(T -)^^(h)([[T^(g) 



r=l 



oo m 

E E 

U,...,i m =0 p=l 



«1 H 1- im\ 



111 1m J 



)T m (T o y^^^(h)(T P l[T^(g) = 0. (2.85) 



r=l 



Suppose that (2.82) holds. Let u G BVk \ BVk-i be a solution of (2.81). Take a basis 
{<Pi + \4_! | % G 1} of V^/y fc _i. Write 



+ hi e B, u e BV k -!. 



iei 



Since 



T r (0j) G V fe _i for i G /, r G 1, m 



(2.86) 



(2.87) 



by (2.82), we have 

m 

(T m -Y.T^-'mu) =J2T^(hi)<f>i = (mod BV k ^). (2.88) 

r=l iel 

Hence 

T™{hi) = for i G I. (2.89) 

Now 

oo ,. s m 

E f\ ? l^'^fl^We^ (2.90) 

is a solution of (2.81). By induction on fc, u is a linear combinations of the solutions of 
the form (2.80). □ 

We remark that the above lemma does not imply Lemma 2.1 because T\ and T 2 in 
Lemma 2.1 may not commute. 

Let d\ be a differential operator on W[xi, x 2 , x r ] and let d 2 be a locally nilpotent 
differential operator on V = F[x r+ i, ...,x n ]. Set 

Vi = {f E V \ 4(f) + 0, d\ + \f) = 0} for i G N. (2.91) 

Take a subset {^j | i G N + 1, j G /j} of V such that {^j + | j G forms a basis 
of y/V^-i fori e N+l. Fix h G F[xi, x r ]. 

Lemma 2.8. Let i be a positive integer. Suppose that 

U = Y1 fi^id + u ' e ¥ l x ^ x 2, -,x n ] (2.92) 

with fj G ¥[x±, ...,x r ] and d l 2 (u') = is a solution of the equation: 

(d 1 -hd 2 )(u) = 0. (2.93) 

Then the system 

£o = fj, = /or s G 0^=1 (2.94) 

/ias a solution ^, ^ G F[xi, x r ] /or eac/i j 6 

Proof. Denote V_i = {0}. Observe that if {fj + V p \ p G J} is a linearly independent 
subset of V^+i/V^,, then {^(/j) + ^p-s | G J} is a linearly independent subset of 
Vp-s+i/Vp- s for s G 1 by (2.91). By induction, we take a subset {4>i- s ,j I j G Ji- S } 

of ^_<( for each s G 1, i such that 

{^(V'mi) + Vis-x, d 2 ~ p ((j)i- P j 2 ) + \4_ s _i | p G 1, s, ji G 4 j 2 G Ji_ p } (2.95) 

forms a basis of Vi-sjVi-s-x for s G Denote 

i i—s 

B = J2J2J2 nxi,-,Xr]d p 2 (</>i-s,j). (2.96) 



Now we write 

i 

u = Y^&j + Yl f'jd'&ij)] +v > v G B > /»j G F [ xi ' ^i- ( 2 - 97 ) 

jeii s=i 
Then (2.93) becomes 

i 

jeh s=2 

+(d 1 -hd 2 )(v) = 0. (2.98) 
Since (di — hd 2 )(v) G £>, we have: 

di(/ j ) = 0, d 1 (f ld )=hf j , d 1 (f ad )=hf a - ld (2.99) 
for j G /j and s G 2, i So (2.94) has a solution £ 1; ^ G F[xi, x r ] for each j G ij. □ 

Set 

So = {/ G F[xi, ...,a; r ] | = 0} (2.100) 

and 

5i = {/ G S | = for some f 1} /; G F[xi, x r ]} (2.101) 

for i e N + 1. For each ieN + 1 and / G Si, we fix {<7i(/), cr^f)} C F[xi, x r ] such 
that 

diM/)) = /, = for s G 2~I. (2.102) 

Denote <7 (/) = /. By the proof of Lemma 2.1 and the above Lemma, we obtain: 

Lemma 2.9. The set 

oo i 

£££ F (£".(/)<Ww)) (2-103) 

i=o jeii fes z s=o 

is the solution space of the equation (2.93) in ¥[x\,X2, ■■■,x n ]. 

Let e G {1,-1} and let A be a nonzero real number. Next we want to find all the 
polynomial solutions of the equation: 

u tt + ^u t - e(u XlXl + u X2X2 H h u XnXn ) = 0, (2.104) 

which is the generalized anisymmetrical Laplace equation (cf. [A]) if e = — 1. Rewrite the 
above equation as: 

tu tt + \u t - et(u XlXl + u X2X2 H h u XnXn ) = 0. (2.105) 

Set 

d = td 2 t +\d t . (2.106) 



Denote 



Note that 



So 



S = {fE F[t] | d(/) = 0}. 

d(t m ) =m{X + m- for m G N. 

5= / F if Ag"-(N+1), 



(2.107) 
(2.108) 
(2.109) 



F + Fr A+1 if A G — (N + 1). 
In particular, t~ x G" <i(F[£]) and so d does not have a right inverse when A is a negative 
integer. 
Set 

0oW = l, &(t) 



2i 



<!2*lti(A + 2r + l) 
for % G N + 1 and when A ^ -1, -3, -(2i - 1). When A G — (N + 1), we set 

^2i+l-A 



for ieN+1. 



Define 



and 



Observe 



2^n: = i(2r+l-A) 

n 

V = ¥[ Xl ,x 2 ,...,x n ], A n = ^^ 2 r , A 2 , n = 

r=l s=^ 

Vi = {/ G V | Aj,(/) = 0} for ieN + 1 



2 



(2.110) 

(2.111) 

(2.112) 
(2.113) 



ji,...,ji=0 



r=l 



E -E 

p=0 \ s=l 



(2.114) 



for |*| < 1. Applying Lemma 2.7 to A^ = Yl r =o r) A 2,n with m = i, T = d 2 Xi and 

T r = — (*)A£ )n for r G we get a basis 

E^H )77T^T A 2,n(4 2 ---^) KiG 072^1, £ 2 ,...,£ n eN} (2.115) 



r=0 



r 7(£i + 2r)! 



of Vi. Hence we obtain: 



Theorem 2.10. If X G" -(N+ 1), tfien toe se£ 

oo 



(2.116) 



r=0 



forms a basis of the space of the polynomial solutions for the equation (2.104)- When A 
zs a negative even integer, the set 

oo oo 

{Xy^A^s? • • VvWA^ 1 • • -a£) I €i, G N} (2.117) 



r=0 



r=0 



forms a basis of the space of the polynomial solutions for the equation (2.104)- Assume 
that A = —2k — 1 is a negative odd integer. The set 



s=0 r=0 

oo 



k + r-1 



\^2,n( X 2 2 ' ' ' X n) 



(ii + 2r)\ 

£ t r A(t)K(44 2 ■ ■ ■ %n) I h e O^T, 4 4, 4 e N} 



(2.118) 



r=0 

is a frasis o/ i/ie space of the polynomial solutions for the equation (2.104)- 

Finally, we consider the special Euler-Poisson-Darboux equation: 

m{m + 1) 

IHt ^xixi U X2X2 • U XnXn — U U 

with ffl^-1,0. Change the equations to: 

t 2 u tt - t 2 (u XlXl + u X2X2 H h u x „a!„) - m(m + l)u = 0. 

Letting u = t m+1 v, we have: 

t 2 u tt = m(m + l)t m+l v + 2(m + l)t m+2 ^ + t m+3 ^. 

Substituting (2.121) into (2.120), we get 

tv tt + 2(m + l)v t - t(y XlXl + v X2X2 H h v XnXn ) = 0. 

If we change variable u = t~ m v, then the equation (2.120) becomes 

tv tt - 2mv t - t(v xixi + v X2X2 H \- XnXn ) = 0. 

Equations (2.121) and (2.122) are special cases of the equation (2.105) with e 
A = 2(m + 1) and A = —2m, respectively. 

3 Initial Value Problems 

In this section, we will solve two initial value problems. 
Let m and n > 1 be positive integers and let 



(2.119) 

(2.120) 

(2.121) 

(2.122) 

(2.123) 
: 1, and 



fi(d X2 ,...,d Xn ) e R[d X2 ,...,d Xn ] for iel,m. 
We want to solve the equation: 

m 

(^-E^"V l (^ 2 ,...,^j)H = o 



(3-1) 



(3.2) 



r=l 



with ii6l and ] for r G 2, n, subject to the condition 



d s xi (u)(0,x 2 , -,x n ) = g s (x 2 , -,x n ) for se0,m-l, 



(3.3) 



where a2,...,a n are positive real numbers and g ,...,g m -i are continuous functions. For 
convenience, we denote 



k 



fct = _L, p = (kl...,kl) for k=(k 2 ,...,k n )eN n ~ 1 . 



Set 



e 2 7 r(fet.J) v Ari = e ^ =2 27rfcta; r v /3 T > 



(3.4) 
(3.5) 



For r e 0, m — 1, 



1 



T! 



E 



oo 



»1, -,«m / p=1 



= E 



ii,...,i m =0 



•••) 



x 



n/ P (247rv /Z T,...,2A;t7rv / ^T)^ 
Lp=i 



Q 27r(fct-x)v / ^T 



(3.6) 



is a complex solution of the equation (3.2) by Lemma 2.7 for any k G Z n 1 . We write 

'>! + ••• + n™ i(4/p(2*5xy=i, .... 2*1x7=1))'' 



E " 



U,...,i m =0 - *1' 
r (xi, fc) + 1pr(xi, T, 



(r + E"i«.)! 



where (f) r (xi, k) and ip r (xi, k) are real functions. Moreover, 

(0 r ) (0, fc) = 5 r>8 , (Vv) (0, fc) = for s E 0^. 



(3.7) 



(3.8) 



We define -< k if its first nonzero coordinate is a positive integer. By superposition 
principle and Fourier expansions, we get: 

Theorem 3.1. The solution of the equation (3.2) subject to the condition (3.3) is: 



m—l 



U 



= ^ ^ [b r (k)((j) r (xi, P) cos27r(/? • x) — ip r (xi, P) sin27r(/? • xj) 



r=0 o^feez™- 1 



+c r (k)((f> r (xi, fc') sin 2ir(P ■ x) + ip r (xi, k') cos 2ir(k' ■ x))], 



(3.9) 



with 



b r {k) 



1 



0,2 ra 



a,2 J —a 



g r (x 2 , ■■■,x n ) cos27r(Ar • x) dx n ■ ■ -dx 2 



2 n ~ 2 a 2 ---a n J_ 

r-l 

- 5>-$S^'X > k) + c s (k)d r Xl M(0, k)) 



(3.10) 



s=0 



and 



c r (k) 



—n / ••• / g r (x 2 ,...,x n )sm2ir(P-x)dx n ---dx 2 

n 2 a 2 ---a n J_ a2 J_ an 



r-l 



(3.11) 



s=0 



The convergence of the series (3.9) is guaranteed by the Kovalevskaya Theorem on the 
existence and uniqueness of the solution of linear partial differential equations when the 
functions in (3.3) are analytic. 



Remark 3.2. (1) If we take fa = bi with % G l,m to be constant functions and k = 
in (3.6), we get m fundamental solutions 

(p r {x)= > . . , , V^m rrr, rG0,m-l, 3.12 

of the constant-coefficient ordinary differential equation 

y (m) _ biy (m-l) bm _ iy , _ bm = Q, (3 . 13) 

Given the initial conditions: 

y W(0) = c r for r G 0,m - 1, (3.14) 

we define ao = c and 



r-1 

r — s 



a r = c r -J2 E • • ^•••fc (3-15) 

s-0 n,...,i r _ 3 6N; ££ =1 pi p =r-s 



by induction on r G l,m — 1. Now the solution of (3.13) subject to the condition (3.14) 
is exactly 

TO— 1 

f = E a rfr(x). (3.16) 
r=0 

From the above results, it seems that the following functions 

ii + --- + im\ yhZ-'-yir 



are important natural functions. Indeed, 

Sill 

yi(x)=e x , y (0,-x) =cosx, y 1 (0,-x) = , (3.18) 

x 

ip r (x) = x r y r (bix, b 2 x 2 , b m x m ) (3.19) 

and 

<j>r(xi, x) + 1pr(xi, 3 ? )v / -T 

= xiy r (x 1 f 1 (2klir^,...,2kbr,/^),...,x? (3.20) 



for r G 0, m. 

(2) We can solve the initial value problem (3.2) and (3.3) with the constant-coefficient 
differential operators fi(d 2 , d n ) replaced by variable-coefficient differential operators 



(pi(d2, d ni )ipi(x ni+ i, x n ) for some 2 < rii < n , where (f)i(d2, d ni ) are polynomials 
in 82, <9 ni and ^(a^+i, x n ) are polynomials in x ni+ i, ...,x n . 

Let T = (Af, £) be a tree with n nodes. Now we consider the following generalized 
wave equation 

u tt - d r {u) = (3.21) 



(cf. (1.6)) with t G R and ] for rG l,n subject to the condition 

u(0, xi, x n ) = ffo(a?i, a?n), «t(0, an, ar n ) = ^i(xi, x n ). (3.22) 

Denote 

f=(xi,...,a; n ), k\ = -, P = (k\,...,ki) for k=(h,...,k n )eN n . (3.23) 
For e G {0, 1}, 

00 .(2i) 

V / {t e )d l r {e 2 ^^^) (3.24) 
are solutions of (3.21) by Lemma 2.1. Moreover, 



E / (!)4 = ^ r + e"^), E / = « / + e"^). (3.25) 



Recall that \I/ is the set of all tips in T = (Af,£). A node is called a descendant of 
tt if * < j and there exist a sequence 

i = i < i\ < • ■ • i r -\ < i r — j (3.26) 

such that 



(i ir ,i r+ i) e£ for r G 0,r-l. (3.27) 

Set 

Pj = the set of all descendants of tj. (3.28) 

Let 

f r (t) = t<9™; for e (3.29) 
Suppose that we have defined {£«(£) | t s 6 A}. Denote 

6i = U s G AT I (a, i s ) G £} C Vi. (3.30) 

Now we define t 

fi(t) = / (9x 4 + E Uyi)) 2 dVi. (3.31) 

By induction, we have defined all {£i(£), ...,£ n (£)}. Moreover, we let 

Ci(t,d^,...,d Xn ) =ii(t), Ci(t,d^,...,d Xn ) =x p ( i) ii(t) (3.32) 



for j G 2,n, where is the unique (parent) node such that (i p (i), Li) E S. According to 
(5.48) in [X2], 

e tdr _ e $n(*,%,- i(t,d (l ,...,a Xn ) _ _ _ e Si(*Ai.-A„)_ (3.33) 

In fact, 

gtdr^^Tr^t.^V^T^ = e Er = i^(t,2 7 rfc 1 t v / =T,...,27rfe+ v ^T) e 2 7 r(fet.J) v ^T ^33^ 

Define 

0-(t,Xi,...,x n ) = i(e 2 ^ fet -^ v/ ^+S"=i^(*. 27r ^v /:r Tv..,27rfct v ^T) 

+e 27r(fct.^V^-27 =1 Si(t,27rfcI-/ = T,...,27r4-/ = l) 
+e -27r(fet -a?) v /3 T+Er=i Si (* ,-27rfc+ v^T,. . . ,-27r4 V^) 

+ e -27r(*fct.x) v ^T-j:™ =1 ^(t,-27rfc}v /3 T,.- -2^4^)^ (335) 

lf>%(t,Xi, ...,X n ) = 1 (e 27r ^ fct ' g)v/3T+ ^=i ^(«.27rfc|^T,...,27r4v^T) 

+e 27r(*fet. :? ) v ^T_^^ l5i ( ti 27rfcjv /::r T,..,27rfctv /3 T) 
_ e -2 7 r(fet.^) v ^T+J]^ 1 ^(t i _27rfcj v / =T,...-27rfct^ 3 T) 

_ e -2,r(fct.i)yri^^ i e,( t ,-2 I r*jv^T,... -2^4%/=!)) (3 35) 

for fc G Z n . Then 

0g(O,xi, ...,£„) = cos27r(A; t • £), ^(0,xi, ...,x n ) = sin27r(A; t • £), (3.37) 

dt(<i>k)(Q,xi,...,x n ) = d t (i/> j ;)(0,x 1 ,...,x n ) = 0. (3.38) 

— » — » 

Again we define -< k if its first nonzero coordinate is a positive integer. By superposition 
principle and Fourier expansions, we obtain: 

Theorem 3.2. The solution of the equation (3.21) subject to (3.22) is 

+b ik / 0fe(t,xi,...,x„) +c ljE / ^(i,xi,...,x n )] (3.39) 
' A*) ' J(t) 

with 

1 r 01 r an 

bj:= / •••/ g e (x!, ...,x n ) cos27r(/c T • x) dx n ■ ■ ■ dx 1 (3.40) 

a 1 a 2 ---a n J_ 



and 



cr= / •••/ g e (xi, ...,x n ) sin27r(A; t • x) dx n ■ ■ ■ dx 1 . (3.41) 

aia 2 ■■■a n J_ ai J_ an 



The convergence of the series (3.39) is guaranteed by the Kovalevskaya Theorem on the 
existence and uniqueness of the solution of linear partial differential equations when the 
functions in (3.22) are analytic. 

Example 3.1. Consider the special case 



u tt -{d 2 + Xl d 2 +x 2 d 2 )(u) = 



of (3.21). By (2.71) and (2.72), we have 

2ttA;1v /Z T, 2ttA;|2v /z T, 2tt4v /Z 1) 



-8nH 2 



(3.42) 



(3.43) 



&(* , 2ttA;}v /Z T, 2ttA;12v /z T, 2tt4v /Z 1) 
AtxH 2 



= -An z tx 1 



(klf 



<4Y 



Sn 3 kl(kl) 3 t 2 x 1 V^l 



and 



^ 3 (t,27rA;lv /Z T,27rA;|2v /z T,27r4v /Z T) = -Au 2 (kl) 2 tx 2 . 

Thus 

(f)^(t,X 1 ,X 2 ,X 3 ) = 



1 



exp[47r 2 t 



2 

+47T 2 tXi 

2ir 2 t 2 



(3.44) 
(3.45) 



(*4) 2 



3 

4vr 2 t 2 



W + 2*i*J(*S) 2 ) + 



-(*5)W 



3 v z/ v 21 
+ 47r 2 (A;|) 2 te 2 ] oos[2vr(fc t • £) + 87r 3 t 2 [fcj (A:+) 2 
16t 4 



o (3(fcS) 3 (fcJ) 2 + fcftfcj) 4 ) + ^fcS(fcJ) 6 ] + Stt 3 ^) 3 * 2 ^] 



+ -exp[-47r 2 t 



(*!) 



^ — ((4) 4 + 2*!*J(*S) 2 ) + ^(4) 2 (4) 



4 64**^ 



-47T 2 tXi 

2vr 2 t 2 



(4) 2 - ^(4) 4 



g vv z/ i zv a/ / 3 v z, v a, 2 1 

47r 2 (4) 2 te 2 ] cos[27r(^ • £) - 87r 3 t 2 [4(4) 2 



16t 4 



? (3(*J) 3 (*J) 2 + ^!(4) 4 ) + ^fcj(fcj) 6 ] - Svr 3 ^) 3 ^] 



(3.46) 



xi,x 2 ,x 3 ) 

1 



■ exp [47T t 



2 

+4iT 2 tx l 
2tiH 2 



(k\f - ^{{k\f + 2^M) 2 ) + ±^(A; 2 ) 2 (4) 4 - ^ 



(klf 



3 

4vr 2 t 2 



(ktr 



3 v ~ z/ V ~ J/ 21 
+ Aix 2 (kl)Hx 2 ] sin[27r(^ • £) + 87r 3 t 2 (fc+) 2 
16t 4 



o mi)\k\) 2 + kt(kir) + ^-4(4n + ^^x,] 



+ -exp[-47r 2 t 



(*!) 



! 2 - ^((4) 4 + 2*!*J(*S) 2 ) + ^(4) 2 (4) 



-47T 2 tei 



(4) 2 - ^(4) 4 



A-K 2 {kl)Hx 2 ] sin[2 7 r(fc t • £) - 87r 3 t 2 [^(fc 



t^2 



" ' (S^)^) 2 + fct^t)^ + ^_fet(fcj) 6 ] - 8^4(^)3^] (3.47) 



for kZ 3 . 

4 Polynomial Representations of Lie Algebras 

In this section, we give three simple examples of applying Lemma 2.1 to polynomial 
representations of Lie algebras. 

Let F be any field with characteristic and let n > 3 be an integer. The special 
orthogonal Lie algebra 

so(n,¥)= ¥ ( E id-Ej,i), (4.1) 

l<i<j<n 

where E TyS is an n x n matrix with 1 as its (r, s)-entry and as the others. There is a 
natural representation of so(n,¥) on the algebra A = F[x±, x n ] of polynomials in n 
variables: 

(Eij - E jti )\ A = Xid Xj - xjd Xi for 1 < i < j < n. (4.2) 

Denote 

n 

\a\ = y^oij for a = (cti, a n ) GN" (4.3) 

i=i 

and 

affl", \a\=k 

the space of homogeneous polynomials of degree k. Set 

« t = {/G^|(4 + .- + 4)(/) = 0} 1 (4.5) 

the space of homogeneous harmonic polynomials of degree fc. It is well known in harmonic 
analysis that Hk are irreducible so(n, F)-submodules and 

A k = H k © {x\ + • • • + x\ ) A-2 for 2<kE (4.6) 

By (2.35), we have: 

Theorem 4.1. The following set 



r ^ ^ V r 2 ,...,r n > i-U=2 \2rJ ^+2{ 

\^ k ^+^ 2 + ... + rk))^::X?) 1 



T2-\ \-r n ) 



| eG{0! i} ; £ 2 ,...,4eN, e + ^4 = fc} (4.5) 
forms a basis ofTik- 



Recall the special linear Lie algebra 

n-l 

sl(n, ¥)=Y, m,j + Yl ¥ ^ - E i+w)- ( 4 - 8 ) 

i^j i=l 

Note 

n-l 

H = Y,HE iti -E i+w ) (4.9) 
i=i 

is a Cartan subalgebra of sl(n,¥). Take {E it j | 1 < « < j < n} as positive root vectors. 
Let 

Q = F(xi, x n , yi, y n ), (4.10) 

the space of rational functions in xi, ...,x n ,yi, ...,y n . Define a representation of sl(n,¥) 
on Q via 



Eij\ Q = Xid Xj - yjd yi for i,j G l,n. (4.11) 
A nonzero function / G Q is called singular if 

Eij(f)=0 for 1 <«< j <n (4.12) 

and there exist a linear function A on if such that 

= A(/i)/ for h £ H. (4.13) 

Set 

1=1 

Then 

e(C) = for ^esZ(n,F). (4.15) 

Lemma 4.2. ylny singular function in Q is a rational function in xi,y n ,(. 
Proof Let / 6 Q be a singular function. We can write 

/ = 9(xi, x„_i, C, 2/1, J/n) (4-16) 
as a rational functions in xi, x n _i, C, 2/i, y n - By (4.11), (4.12) and (4.15), we have: 



Ei, n (f) = -VndyXg) = for % G l,n - 1, (4.17) 

equivalently, 



=0 for i G 1, n — 1. (4.19) 

Thus (4.11) and (4.19) imply 



E lii (g) = x 1 d Xi (g) = for % G 2,n- 1, (4.20) 



that is, 

d Xi (g) = for ie2,n-l, (4.21) 
Therefore, g is independent of x 2 , ...,x n _i and yi, ...,y n _i. □ 

Set 

4,i 2 = J] Fx"/ for 4,^2 eN. (4.22) 

a,/3eN"; |a|=*i, \/3\=h 

Then ^ 1; ^ 2 is a finite-dimensional sl(n, F)-submodule by (4.11). Recall that the funda- 
mental weights Ai, .., A n _i are linear functions on H such that 



XiiEjj - E j+ld+1 ) = S i:j for i,jel,n- 1. (4.23) 

The function x^y 1 ^ is a singular function of weight £\X\ + £2X^,-1- According to the above 
lemma, any singular polynomial in Ae lt e 2 must be of the form ax e i~ l y^~ l ( l for some 
^ a e¥ and % G N. Define 

VtiA = ^ ne submodule generated by x^y^. (4.24) 

According to Weyl's Theorem of completely reducibility, Ae lj e 2 is a direct sum of its 
irreducible sub modules, which are generated by its singular polynomials. So V^,^ is an 
irreducible highest weight module with the highest weight £±Xi + £ 2 X n ^i and 

A tl fy = V h/2 © CA-iA-i (4-25) 

as a direct sum of two sl(n, F)-submodules, where we treat V iy j = {0} if {i, j} <f_ N. 
Denote 

n 

1=1 

It can be verified that 

£A = A£ for ees/(n,F), (4.27) 

as operators on Q. Set 

H £l/2 = {fe A £l/2 I A(/) = 0} (4.28) 
Since Afa^y^) = 0, we have 

VtxM c (4.29) 
by (4.24) and (4.27). On the other hand, 



Aa = 0CW« (4-30) 

i=0 

by (4.25) and induction. Note 

n 

AC = n + (A + Y^{xid Xi + yi d m ) (4.31) 



i=i 



as operators on Q. Thus 

i 

A(C<?) = + ^ + ^ ~ 2r )(C _1 <?) = t(n + £ 1 +£ 2 -t- l)C- l 9 (4.32) 

r=l 

for i e N + 1, <? e V^-i^-i. Hence 

^ lA f|CA-M 2 -i = {0}- (4.33) 

Therefore, 

V tl * = n h/2 (4.34) 
by (4.25) and (4.29). Now Lemma 2.1 gives: 

Theorem 4.3. The set 

r \ 2 1 1 lr=2 V y ) \j r ) m +i 2 H N„ 12H h«n TT „m r -ir„.lr-ir 

j 2 ,...,j n =0 V "1 /V 12,..., «n / 

00 C_1 y2+-+i« TT n f m r) f'^ 

E l J 1 lr=2 V y ; Vy; i 2+ ... +in m > + i 2+ ... +in TT m ;_j r Z 

i 2 ,...,j n =0 V m' / V i 2 ,..., j n / r=2 

n n ra ra 

| m, m! , m r , n r G N; m + m r = m' r = £ 1; l r = m' + ^ = £ 2 } (4.35) 

r=2 r=2 r=2 r=2 

/or a frasis o/ Vg lt £ 2 . 

In the Lie algebra si (7, F), we set 



r , 
r=2 
n 



+ #3,3 + #4,4 + 2-^5,5 — #6,6 — #7,7, ^2 — #2,2 


_ #3,3 • 


_ #5,5 + #6,6? 


(4.36) 




= V2(E 1<2 — #5,l) — #3,7 + #4,6, #2 = #2,3 


. - #6.5 


, 


(4.37) 




#3 = [#1, #2] = ^(#1,3 — #6,l) + #2,7 - 


- #4,5, 




(4.38) 




E 4 = [E u E 3 ]/2 = V2(Ei ;7 - £ 4>1 ) + £ 6 , 2 


— #5,3 


j 


(4.39) 




= [Ei, #4]/3 = #4,2 — #5,7, #6 = [#5, #2] = 


- #4,3 - 


" #6,7, 


(4.40) 


#1 


= V2(E 2) i — #1,5) — #7,3 + #6,4, #2 = 


#3,2 — 


#5,6, 


(4.41) 


#3 


= V2(E 3j i — Eifi) + E 7 ^ 2 — #5,4, #5 = 


#2,4 — 


#7,5, 


(4.42) 


#4 


= y/2(E 7>1 — Ei A ) + E 2 fi — #3,5, #6 = 


#3,4 — 


#7,6- 


(4.43) 



Then the exceptional Lie algebra of type G 2 is the Lie subalgebra 

6 

g 2 = ch + ch 2 + J2( £E i + CF *) ( 4 - 44 ) 

of sl(7,¥) (cf. [H]). Its Cartan subalgebra 

H = Chi + Ch 2 . (4.45) 



We choose {Ei, E2, Eq} as positive root vectors. 

Let Q be the space of rational functions in {xi \ i G 1, 7} and define a representation 
of Q 2 on Q via 

Eijq = Xid Xj for i,j G Tj. (4.46) 
A nonzero function f e Q is called singular with respect to Q 2 if 

= for i G T76 (4.47) 

and (4.13) holds. Define 

77 = x\ + 2x 2 x 5 + 2x 3 xq + 2x4X7. (4.48) 

It can be verified that 

£(77) = for £ G (4.49) 

Lemma 4.4. ^4ny singular function in Q with respect to Q 2 must be a rational function 
in x 4 and rj. 

Proof. Let / a singular function in Q. We can write 

f = <p(x 1 ,....,x 6 ,ri) (4.50) 
as a rational function in x±, ...,xq,t). Note 

= (x 4 d X2 - x 5 d X7 )((p(x 1: ....,x 6 ,ri)) = x 4 d X2 ((p) = (4.51) 



and 



So 



Next 



that is, 



E 6 (f) = (x 4 d X3 - x & d X7 )(y(x u ....,x 6 ,r})) = x 4 d X3 (ip) = 0. (4.52) 

d X2 (<p) = d X3 (<p) = 0. (4.53) 

E 2 (f) = (x 2 d X3 - x 6 d X5 )(<p(xi, ....,x 6 ,r})) = -x 6 d X5 (ip) = 0, (4.54) 

d X6 (<p) = 0. (4.55) 



Moreover, 

E 3 (f) = (V2(xid X3 -x & d Xl )+x 2 d X7 -Xid Xb ){ip{xi, x 6 , 77)) = -v^ed^y?) = 0, (4.56) 
which implies 

d xl (<f) = 0- (4-57) 

Furthermore, 

E 2 (f) = (^(x^ -x 5 d xi ) -x 3 d X7 + x 4 d X6 )((p(x 1: x 6 , 77)) = (</?) = (4.58) 



yields 

0* 6 (¥>) = O. (4.59) 
According to (4.53), (4.55), (4.57) and (4.59), ip is independent of xi, x 2 , X3, x$, x§. □ 

Set 

A' = d 2 X2 + 2d X2 d X5 + 2d X3 d X6 + 2d X4 d X7 . (4.60) 

It can be verified that 

A'f = f A' for £ G £ 2 (4.60) 

and 

7 

^77 = 77^ + 14 + 4^^ (4.61) 

i=i 

as operators on Q. The fundamental weight Ai is a linear function on H such that 

A(/ii) = 1, Ai(/i 2 ) = 0. (4.62) 
For fc G N, is a singular function with weight k\\. Note that 

tf fe = ¥x ° ( 4 - 63 ) 

oeN 7 ; |a|=fe 

is a finite-dimensional £ 2 -submodule. Let 

V k = the submodule generated by x\. (4.64) 

Then \4 is an irreducible highest weight submodule of Bk with highest weight k\\. By 
similar arguments as those in the above of Theorem 4.3, we can prove 

V k = {/ G B k I A'(/) = 0}. (4.65) 

Theorem 4.5. T/ie se£ 

r : 1 llr=2\i r )\ j r J e+2(i 2 +i 3 +u) T~T m s -i s m i+s -i s 

*2,*3,*4=0 I 1 + 2C (*2 + % + «4jJ U,*3,*4,*2+*3+ J S=2 

7 

\e G {0, 1}, m 2 , ...,m 7 G N; e + J^m r = A;} (4.66) 

r=2 

forms a basis ofVk- 
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